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4. Orbifold compositions of spherical type
5. Orbi-maps
6. Main Theorem





$X$ orbifold orbifold $\pi_{1}(X),$ $X$ $|X|$
$\pi_{1}(|X|)$
. $M$ good, compact, connected, $07\dot{\mathrm{v}}entable$ 3-orbifold
(a) $\partial$-irreducible;
(b) $non_{-}s\varphi aratingsphe\dot{n}ca\iota$ 2-orbifold ;
(c) $M$ $\pi_{1}$
Typeset by $44*S-:[\mathrm{f}\mathrm{f}\mathrm{l}$
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$M$ $\pi_{1}(M)$
$\pi_{1}(M)=G_{1}*Kc_{2}$
(1) $K$ $\mathit{0}’\cdot ientab\iota e\varphi he7^{\cdot}iCa\iota \mathit{2}$-orbifold $S$ $\pi_{1}$




. (c) $M$ $P(M)$ $P(M)$
$M$ Poincar\’e associate 6 2
orbifold composition $X$






[T-Y 3] orbifold composition







( [Th], [Ta], $[\mathrm{T}- \mathrm{Y}1],$ $[\mathrm{T}- \mathrm{Y}3]$
) orbifold good ( manifold covering )
orientable
Orbifold $M$ locdly O entable $M$ local transfor-
mation group orientation preserving o $M$ orientable
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$M$ (global) transformation group orientation preserving
$M$ 3–orbifold $M$ locally orientable
$|M|$ 3–manifold $|M|$ orientable $M$
orientable orbifold
Spherical 2-orbifold $S^{2}$ ( $S^{2}$ )
2 3 index $n$ 2 $(n, n),$ $(2,2,n)$ ,
(2, 3, 3), (2, 3, 4), (2, 3, 5) 3-orbifold spherical
2-suborbifold $F$ incompoes ble ( ZB^\mapsto $F$ balic $\mathrm{a}- \mathrm{o}\mathrm{r}\mathrm{b}\mathrm{i}\mathrm{f}_{0}1\mathrm{d}$
Discal 2-orbifold 2 $D^{2}$ ( $D^{2}$ )
1 3–orbifold $M$ properly embedded ( $\partial B\subset\partial M$
Int $B\subset \mathrm{I}\mathrm{n}\mathrm{t}$ $M$ ) discal 2-suborbifold $B$ incompres ble
$\partial M$ discal 2-suborbifold $B’$ – ( $B\cup B’$
) ballc 3-orbifold ( $B\cap B’=\partial B=\partial B/$ )
3-orbifold $M$ spherical discal properly embedded 2-suborbifold
$F$ incompoessible $F$ $F$ discal 2-orbifold
$M$ discal 2-orbifold
3-orbifold $M$ irreducible $M$ spherical 2-orbifold
1 balic 3-orbifold $M$
spherical 2-orbifold balic 3–orbifolds ( $\partial$
) $M$ balic 3-orbifold double 1
orbifold $N$ $N’$ $\partial N$ $\partial N^{j}$ (
) – $M$ $M$ $N$ double
&orbifold $M$ $\partial-imduCib\iota e$ $M$ incompressible
3-orbifold $M$ 2-suborbifold $F$ incompressible
$F$ 2-sided ( ) $M,$ $F$
orientable
3–orbifold $M$ 2-suborbifold $F$
$M$ $F$ $F$ $non- S\psi arting$
( ) $M$ $F$ (
2 ) $F$ $s\varphi amting$ ( )
$M$ 3-orbifold, $A,$ $B$ $M$ suborbifolds, $F$ $M$ 2-suborbifold $M$
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$F$ $A,$ $B$ $F$ $A,$ $B$
$F$ $A,$ $B$ non-separating
$F$ $F$ $A,$ $B$
3-manifold 3-orbifold $M$ compact $M$ incom-
pressible 2-suborbifolds ( )
2-suborbifolds spherical
incompraesible spherical 2-suborbifolds $M$
cone
balic $\mathrm{a}_{\frac{-}{}\mathrm{o}\mathrm{r}}\mathrm{b}\mathrm{j}\mathrm{r}_{0}1\mathrm{d}$ $M$
Orbifold $X$ universal cover $P$ : $\tilde{X}arrow|X|$ $X=$
$(\tilde{X},p, |X|)$ $X$ orbifold $\pi_{1}(X)$ $\mathrm{A}\mathrm{u}\mathrm{t}(\tilde{X},P)$
4 OISIBO’s (orbifold identified space
identified along ballic orbifolds) orbifold compositions
$X=(\tilde{X},p, |X|),$ $\mathrm{Y}=(\tilde{\mathrm{Y}}, q, |\mathrm{Y}|)$ orbifolds Orbi-map $f$ : $Xarrow \mathrm{Y}$
$\overline{f}:|X|arrow|\mathrm{Y}|$ $\tilde{f}:\overline{X}arrow\tilde{\mathrm{Y}}$ ($\overline{f}$,
(i) $fop=q\mathrm{o}\tilde{f}$,
(ii) $\sigma\in \mathrm{A}\mathrm{u}\mathrm{t}(\tilde{X},p)$ $\tau\in \mathrm{A}\mathrm{u}\mathrm{t}(\tilde{\mathrm{Y}}, q)$ $\tilde{f}\circ\sigma=\tau\circ\tilde{f}$




OISIBO’s orbifold compositions orbi-map
Orbi-map $f$ : $Xarrow \mathrm{Y}$ orbi-embedding $f(X)$ $\mathrm{Y}$ suborbifold




. 3-orbifold $M$ $l\mathrm{m}\mathrm{o}\mathrm{d}\backslash$ A. $B.$) $A$ $B$ spherical
2-orbifold balic 3–orbifold
$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ . $M$ good, connoeted, $\mathit{0}\dot{n}entab\iota_{e}s$-orbifold
2 heHcd Z-orbifold $A,$ $B$ $\neq\Sigma A=\#\Sigma B$ ( $=2$ 3)
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$M$ $(\mathrm{m}\mathrm{o}\mathrm{d} A, B)$
$x\in\Sigma A$
$\sigma_{x}$ $x$ $i:Aarrow M$,
$j$ : $Barrow M$ path $i_{*},$ $j_{*}$ $i_{*}[\sigma_{x}]\in j_{*}\pi_{1}(B)$
$x$ $\Sigma B$ ngular locus $\ell$ 3
( ) $M$ spherical 2-orbifold incompressible
$A$ $B$ paralel (
[T-Y 4] )
( ). $M$ good, connected, orientable 3-orbifold
2 $sphe7\dot{\mathrm{B}}Cd\mathit{2}$-orbifold $A,$ $B$ $\#\Sigma A=\neq\Sigma B$ ( $=0,2$ 3)
$M$ $(\mathrm{m}\mathrm{o}\mathrm{d} A, B)$
$i:Aarrow M,$ $j:Barrow M$ path $i_{*}$ ,
$i_{*}\pi_{1}(A)=i*^{\pi}1(B)$ $M$ $A\cross I$ orbifold
( ) $\neq\Sigma A=\#\Sigma B=0$ $A$ $B$ path
singular locus $\ell$ (1 3 )
( [T-Y 4] )
4. $\mathrm{o}_{\mathrm{R}\mathrm{B}\mathrm{I}\mathrm{F}}\mathrm{o}\mathrm{L}\mathrm{D}$ COMPOSITIONS OF SPHERICAL TYPE
$y\sim\overline{f}_{j}^{\epsilon}(y)$ , $\epsilon=0,1$ , $y\in|B_{j}|$ , $j\in J$.
i\in I,7\in J(|xi|\cup |Bj|)/\sim $X$ $|X|$
$\{(\bigcup_{i\in I}\Sigma X_{i})\cup(\bigcup_{j\in j}\Sigma(Bj))\}/\sim$ $X$ $\Sigma X$
(coverinsz). $X=(X_{k}, B\ell, f_{\ell}\epsilon)_{k}\in K,\ell\in L,\in=0,1$ $X’=(X_{i}’, B’, f^{;}jj)_{i}\epsilon\in I,j\in J,\in=0,1$
OISIBO’s $X’$ $X$ covering $\{\varphi_{i}, \psi_{j}\}_{i\in I,j\in}J$
(1) $\varphi_{i}$ $X_{i}’$ $X_{k:}$ (orbifolds ) covering map $(k_{i}\in K)$
$B_{j}’$ $B\ell_{j}$ (orbifolds ) covering map $(\ell_{\mathrm{j}}\in L)$
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(2) $j\in J$ $\epsilon=\mathit{0},1$ $\varphi_{i(j,\epsilon)}\circ f_{j}^{\prime\epsilon}=f_{l_{j}}\epsilon\psi_{j}\circ$
(3) $p:|X’|arrow|X|$ $\{\varphi_{i}, \psi_{j}\}_{i\in}I,j\in J$
$|X’|-P^{-1}(\Sigma X)$ $|X|-\Sigma X$ coverimg map
$P$ $X’$ $X$ \mbox{\boldmath $\omega$}v ng m
$\ovalbox{\tt\small REJECT} \text{ }$orbifold com osition. $I,$ $J$ $X_{i}(i\in I)$ n-OISIBO’s, $\mathrm{Y}_{j}(j\in J)$
ballic n-orbifolds $f_{j}^{\epsilon}$ : $Y_{j}\cross\epsilonarrow X_{i(j,\epsilon)}$ orbi-maps $(f_{j}^{\epsilon})*$
$(j\in J, i(j, \in)\in I, \epsilon=\mathit{0},1)0$ $X=(X_{i},$ $Y_{j}\cross$
$[\mathrm{o}, 1],$ $f_{j}^{\epsilon})_{i}\in I,j\in J,\mathit{6}=0,1$ n-dimen onal orbifold $compo\dot{n}ti_{on}$ (of $sphe7^{\cdot}i_{Ca}\iota$ type)
$f_{\mathrm{j}}^{\epsilon}$ $X$ auaching maps $X_{i},$ $Y_{j}\cross[0,1]$ $X$ component
$\mathrm{I}\mathrm{I}i\in I,j\in J(|xi|\cup(|Y_{j}|\cross[0,1]).)$ $\sim$
$(y, \epsilon)\sim\overline{f}_{j}(\epsilon y)$ , $\epsilon=0,1$ , $y\in|Y_{j}|$ , $j\in J$.
i\in I,j\in \in J(|x6|\cup |Yj| $\cross$ [0, $1]$ ) $/\sim$ $X$ $|X|$
$\{(\bigcup_{i\in I}\Sigma xi)\cup(\bigcup_{j}\in j^{\Sigma(\mathrm{Y}_{j}}\cross[0,1]))\}/\sim$ $X$ $\Sigma X$
5. ORBI-MAPS
$(- O_{i}.(X)\backslash \cdot-)$ . $X$ orbifold composition 3
$O_{1}(x)=$ {$f$ : $\partial Darrow X|D$ discal 2-orbifold $f$ orbi-map},
$O_{2}(X)=$ { $f$ : $Sarrow X|S$ ef spherical 2-orbifold $-C_{\text{ }}fl\mathrm{h}$ orbi-map},
$O_{3}(X)=\{f$ : $DBarrow X|DB$ $\mathrm{b}_{\mathrm{I}}1\mathrm{h}\mathrm{c}$ 3-orbifold $B$ double,
$f$ orbi-map}.
$f$ : $\partial Darrow X\in O_{1}(X)$ orbi-map $g$ : $Darrow X$
$g|\partial D=f$ $O_{1}(X)$
$O_{1}(X)$ $f$ : $Sarrow X\in O_{2}(X)$
orbi-map $g:c*Sarrow X$ $g|S=f$
$c*S\text{ ^{}-}S$ cone $O_{2}(X)$ $\text{ }$ $O_{2}(.X)$
$O_{3}(X)$
$O_{i}(x)$ $X$ covering $\tilde{X}$ $O_{i}(\tilde{X})$
(orbi-map . $X=(X^{\epsilon}, Y\cross[0,1], f\epsilon)_{\mathcal{E}=}0,1$ orbifold composition
$X^{\epsilon}$ particle $07^{\cdot}ientab\iota e$, irreducible 3-orbifold $\mathrm{Y}$ $\mathrm{o}r\cdot ientab\iota e$ ballic
3-orbifold $X^{\epsilon}$ particle universal covering
non-compact ’ $O_{i}(X)$ $(i=1,2,3)$
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(orbi-map ). $M$ 3-orbifold, $X$ orbifold $Comp_{\mathit{0}\dot{n}ti}on,$ $\varphi$ : $\pi_{1}(M)arrow$
$\pi_{1}(X)$ $O_{i}(x),$ $i=1,2$
orbi-map $f:Marrow X$ $f_{*}=\varphi$
(iba-nsVersallt-v). $M$ good, compact, connect\alpha orientable 3-orbifold $X$
3-orbifold compo tion $o_{i}(x)_{S}^{\mathrm{z}},$ $i=2,3$
edge orbifold cooe bddlic 3-orbifold $F$ $O_{i}(X-F),$ $i=2,3$
orbi-map $f$ : $Marrow X$
orbi-map $g:Marrow X$
(1) $g$ $f$ orbi-homotopic
(2) $g^{-1}(F)$ compact, properly embedded, 2-sided, $inCompres\dot{n}b\iota_{e}$ $M$
2-suborbifold
(3) $X$ $F=F\cross 0$ product $nei_{\mathit{9}}hborhoodF\mathrm{x}[-1,1]$ $M$
$g^{-1}(F)=g-1(F)\cross \mathrm{o}$ pmduct neighborhood $g^{-1}(F)\cross[-1,1]$
$\overline{g}$ $x\in|g^{-1}(F)|$ fiber $x\cross|[-1,1]|$
fiber $\overline{g}(x)\cross|[-1,1]|$ $\overline{g}$ : $|M|arrow|X|$ $g$ underlying
map ( $g=(\overline{g},\tilde{g})$ )
. Orbifold composition $X$ $\delta(X)$ (1) (2) orbifold
$Y$
(1) $\mathrm{Y}$ $X$ OISIBO particle 1
(2) $\mathrm{Y}$ closed hhff-edge core balic orbifold
(Retraction). $M$ $07\dot{\tau}entable$ S-orbifold closed 2-orbifold $F$ I-
bundle orbifold $X$ 3-orbifold composition $O_{i}(x)_{S}’,$ $i=2,3$
$f$ : $(M, \partial M)arrow 1^{X,\delta X})$ orbi-map . $f|\partial M$ orbi-embedding
$\partial M$ $B$ $\delta X$ $C$ $f(B)\subset C$
$x\in$ $|F|-\Sigma F$ $f|(\varphi^{-1}(x))$ $C$ path orbi-homotopic $rel$.
$\{x\}\mathrm{x}\partial I$ orbi-homotopy $f_{t}$ : $Marrow X$ $=f,$ $f1(M)\subset\delta X$
$f_{t}|\partial M=f|\partial M$ ( $\varphi:Marrow F$ fibration)
6. MAIN THEOREM
(binding tie). $M$ good, connoeted, o entable 3-orbifold
2 $sphe7\dot{\mathrm{v}}Cal\mathit{2}$-orbifolds $F_{0_{J}}F_{1}$ $x_{0},$ $x_{1}$
$F_{0},$ $F_{1}$ $e$ $x_{0}$ $\alpha$ $x_{0}$ $x_{1}$
ngdar set $e,$ $\alpha$
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$\iota_{e}$ : $\pi_{1}(F0, xo)arrow\pi_{1}(M_{X_{0}},),$ $\iota_{\alpha}$ : $\pi_{1}(F_{1},x1)arrow\pi_{1}(M_{X_{0}},)$ $\pi_{1}(M)$
$\pi_{1}(F_{0})$ $G$
$\iota_{6}\pi_{1(Fx}0,0)=\iota_{\alpha}\pi_{1}(F_{1,1}x)$ \ $M$ $(\mathrm{m}\mathrm{o}\mathrm{d} F_{0}, F_{1})$ $N$




$t^{\mathrm{p}_{0}}1\mathrm{n}\mathrm{C}\mathrm{a}\mathrm{r}-\acute{\mathrm{e}}$ associate). $M$ good, compact, orientable 3–orbifold o $\partial M$
spherical cone balic 3–orbifold
Int $M$ separating spherical 2-suborbifold $F_{i}$ $F_{i}$ $\partial$ –
$N_{i}$ $\pi_{1}(N_{i})\cong\pi_{1}(F_{i})$ V $\neq$ ( $F_{i}$ cone) ‘
$N_{i}$ cone $B_{i}$ $M_{i}$
$M$ compact
$Marrow M_{1}arrow M_{2}arrow\cdotsarrow\ovalbox{\tt\small REJECT}$
$M_{k}$ $P(M)$ $M$ Poinoer\’e associate
$\pi_{1}(M)\cong\pi 1(\mathrm{p}(M))$ o
. $M$ good, compact, connect\alpha orientable, 3-orbifold
(a) $\partial- irreducible_{\mathrm{Z}}$.




(1) $K$ $\mathit{0}’\cdot ientable\varphi he\dot{n}cd$ 2-orbifold $S$ $\pi_{1}$







$M$ $P(M)$ $M$ $M$ y
$(y_{0}\in|M|-\Sigma M)$
Step 2.
orbifold composition $X=x_{1^{\bigcup_{B}}}\mathrm{X}IX2,$ $\pi_{1}(x_{1})\cong c_{1,1}\pi(x_{2})\cong$
$G_{2},$ $\pi_{1}(B)\cong K$ Core $B$ $X$ $x_{0}$
Step 3.
$\varphi$ : $\pi_{1}(M, y_{0})arrow\pi_{1}(X, x_{0})$ orbi-map $f$ : $Marrow X$
Step 4.
Core $B$ $f$ (Ransversality) compact,
properly embedded, 2-sided, incompressible 2-orb old $S_{1},$ $\ldots,$ $S_{k}$
Step 5.
$f|S_{i^{;S}i}arrow B$ orbi-map (
[Ta, 54] ) map
$S_{i}$ $y_{i}\in|S_{i}|-\Sigma s_{i}$ $f(y_{i})=X_{0}$
Step 6.
$f_{*}$
$y_{0}$ $|M|-\Sigma M$ path $\ell_{i}$
$[f\circ\ell_{i}]=1\in\pi 1(X)$ $S_{i}$
$y_{i}$ path $\ell_{i}$
$\eta_{i*}$ : $\pi_{1}$ (Si, $y_{i}$ ) $arrow\pi_{1}(M, yo)$ $B$ $x_{0}$
$\lambda_{*}:$ $\pi_{1}(B, xo)arrow\pi_{1}(X, x_{0})$ Path $\ell_{i}$
$i$
$\eta_{i*}$ $f_{*}=\varphi$ $f_{*}\circ\eta_{i*}=\lambda_{*}\circ(f|S_{i})_{*}$






$S_{i}$ discal 2-orbifold spherical 2-orbifold map
($M$ $\partial$-irreducible )
Step 8.
$S_{i}$ incompressible spherical 2-orbifold separating. $K$




(1) Step 6 $\ell_{t}$ $i$ $j$ $S_{i}$ $S_{\mathrm{j}}$
binding tie $M^{j}$
(2) $K$ 1 [St] $f^{-1}(B)$
1 step $K\neq 1$
(3) $M$ $M’$ $M_{1},$ $M_{2}$ $k=1$
2 $\pi_{1}(M_{k})\cong K$ $M_{k}$ balic 3-orbifold
$S_{i},$ $S_{j}$ incompressible $\pi_{1}(M_{i})\not\cong K$
(4) $M’$ (mod $\partial$) $N$ (binding tie) $N$
binding tie
(5) tl $\pi_{1}$ (Si, $y_{i}$ ) $\pi_{1}(N, y_{i})$ $\iota_{2}$ binding
tie $\pi_{1}(S_{\mathrm{j}y_{j}},)$ $\pi_{1}(N,y_{j})$ $\iota_{1}\pi_{1}$ (Si, $y_{i}$ ) $=$
$\iota_{2}\pi_{1()}Sj,$$y_{j}$ ( ) $N=S_{i}\cross I$
(6) (2), (3) $M’=N$ $M’$




– $S$ $M$ $M_{1}$ $M_{2}$
$\pi_{1}(M,y_{i})=\pi_{1}(M_{1},yi)*_{\pi(}s_{:,y)1}:\pi 1(M_{2,y_{i})}$
$f_{*}$ $\pi_{1}(M,y_{0})$ $\pi_{1}(X, x_{0})$
.
$f_{*}\pi_{1}$ (Si, $y_{i}$ ) $=\pi_{1(}B,$ $X_{0})$ $f_{*}\pi_{1}(M_{k}, y_{i})\subset\pi_{1}(x_{k\mathit{0}},X),$ $k=1,2$
[Bro, Prop 25] $f_{*}\pi_{1(M_{k},)=}y_{i}$
$\pi_{1}(X_{k,0}X),$ $k=1,2$
$S$ $P(M)$
$M$ balic 3–orbifold $D$ $\partial D$ $S$






7. AN APPLICATION TO THE COMPOSITENESS OF LINKS
$L$ $S^{3}$ (1 ) 2 $n$ 1
. $L$ splittable $L_{1},$ $L_{2},$ $\ldots,L_{k}$ , $L_{i}$
$m_{i}$ $L$ \mbox{\boldmath $\omega$}mpo te link ( )
(7.1) $\pi_{1}(S^{3}-K)/([m_{i}]^{n}, i=1,2, \ldots, k)\cong c_{1}*_{\mathbb{Z}_{n}}G_{2}$
. (7.1)
. $L$ >*sphhttable (7.1)
. $M$ $\mathrm{a}\frac{-}{}\mathrm{o}\mathrm{r}\mathrm{b}\mathrm{i}\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{d}$ $S^{3}$ singular set $L$ , index
$n$





$M$ (c) orbifold composition
$X$ orbi-map $F:Marrow X$ (3)
spherical 2-orbifold incompressible spherical
2-orbifold 1 $L$ sphittable composite o
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